Misconceptionsin Mathematics: Misconception 12
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:E ? :E? or what?

The problem is the same as you encounter when doing the sum
1 footbal player + 1 football team.
How many isit, and how many of what?
What we can do is caculate, say,
5footbdl players+3 football players or 2 teams+ 4 teams,

namely, add things of the sametype. So let us see if we can convert the first sum above to
something where we add things of the same type. We could do so by replacing the type
‘team’ with the type 'player’. But thisis not just about changing words —we mudt retain
the given contents (that is, the meaning of the word 'team' as a certain number of football-
players). Because we know that 1 team means 11 players, we can rewrite the above

1 player + 1 football team as amanagesble task, namdly:

1 player + 11 players (12 players)
Note that doing it the other way round, i.e. replacing 'player’ by ‘team' would be less
convenient:
1 playeris 1—11 of ateam, so converting the whole thing into teams would give

1—11 team + 1team :1111 teams (the same as 12 players, but less nest).

If the referee plays for the other team — and he dways does - thenthey are a 11_11 team!

Now we apply the same method to % + % one hdf + one quarter.  Either halves or

quarters —

which is more convenient? Should we state how many quarters equa one hdf or vice
versa? The

former, of course: 1 half is2 quarters.

o, the% becomes 2° % e % and the above task becom&s§+%,meaning

2 quarters + 1 quarter = 3 quarters, i.e. g

Count On
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In the above sum, 1 half + 1 quarter, the different types were associated with the different
denominators (dividers), so the problem was solved by atransformation that led to
identica denominators. Let us now do thisfor the more general case:

2 + % (where we have more than one of each type, namdly: 2 thirdsand 5

3
twelfths).

Again, we want the same denominators under both, either 3 or 12. Which shdl we
choose? We must remember that the values of the fractions must remain unchanged, so, if
we change the denominator, we must so change the numerator (the divided). If we
choose the 3 as the common denominator, we must change the 12 in the second term into
a3, that is, make the denominator 4 times smaller. To keep the vaue of the fraction
unchanged, we must then aso make the 5 on top (the numerator) 4 times smdler,
resulting in 5/4 as the numerator. Thisisinconvenient because it creates another fraction
abovethedividing line.

Instead, we can choose the second denominator, the 12, as the common one. We leave the

% asit isand change the first denominator, the 3, to 12. Thiswe do by increasing the 3,

by multiplying it by 4. Then, to protect the vaue of this fraction, we must aso make the
numerator (the 2) 4 times bigger, this time giving a managesble whole number, 8. Note
that this resulted from choosing the larger of the two denominators as the common one.

And s0, the above é + % now becomes % + % , 8 twdfths +5 twdfths =13 twelfths, i.e.

13
12

But what about 2 +27
3 4

To get thefirst (smdler) denominator (the 3) to be the same as the second denominator 4,
the 3 has to be multiplied by 1.33..., and the same must then be done to the 2 aboveit,
which resultsin amessy 2.66...! So we now need acommon denominator which is
neither 3 nor 4. In principle, we could choose anything to put equdly at the bottom of
both fractions. The only problem is that we need to adjust the numerators (to keep the
vaues of the given fractions unchanged) and as we found, we may only do thisby
multiplying the numerators by whole numbers. Form this follows that the denominators,
too, can be changed only by multiplying by whole numbers.

The task becomes. By what whole number do we multiply the 3 (the denominator), and
by what (different) whole number do we multiply the 4 (the other denominator) so thet in
both cases we get the same result (namely, the same common, denominator)? The nice
trick for thisisto multiply the first denominator (3) by the second denominator (4) and
the second denominator (4) by the first (3) ! (dways, of course, multiplying the
numerator by the same as the denominator).

Count On
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So thisis what was done:

2°4 53 . 8 15 8+15 23

——+——, whichequds —+— = —— = —

374 473 12 12 12 12
Generdizing

n m nNb ma n b+m a

—+ — + = -~

a b a b b a a' b

A wedlthy merchant Ieft his three sons 17 camels— the oldest was to get one hdlf of
them, the next son one third and the youngest son to get one ninth. How many did they
each get ? Left to themsalves they’ d have been il arguing about it, so wisdly they went
to an uncle who worked like this. First he lent them acamd so they had 18 camesin dl.
Then,

lx18 =9; 1x18 =6 and 1x18 =2

2 3 9
this accounted for 9+6+2=17 camels and that meant the uncle could reclaim the one he

had lent! Butwhatisl,i and 1 of 17?2
23 9
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